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ON THE REGULARITY OF VARIETIES HAVING AN
EXTREMAL SECANT LINE
MARIE-AME´LIE BERTIN
Abstract. The Castelnuovo-Mumford regularity of a non degenerate variety
of degree d and dimension n of P
r
is conjectured to be at most d− r + n+ 1
[7]. This conjecture is known to hold only in a few cases: curves [10], smooth
surfaces ([16],[11]), and smooth varieties of codimension 2 [1]. Varieties with
an extremal secant line are (d−r+n)-irregular and the classification of smooth
(d−r+1)-irregular curves in [10] shows that they all possess an extremal secant
line but the elliptic normal curve and some smooth rational curves in P
d−1
.
We give here a complete classification of varieties having an extremal secant
line and show that their regularity is d− r + n+ 1.
1. Introduction
Let X be a complex n-dimensional variety, non degenerate and of degree d in
P
r. The k-regularity of X has been defined by D.Mumford [14] by the following
vanishing
Hi(Pr, IX|Pr(k − i)) = 0 for all i ≥ 1.
The k-regularity condition implies the (k + 1)-regularity condition , so that one
defines the Castelnuovo-Mumford regularity of X , as the the least integer k such
that X is k-regular. We denote by reg(X) the regularity of X . This obscure
vanishing condition find its origin in G.Castelnuovo’s work on the postulation of a
variety X [6]; for the regularity of X gives an upper bound on the least integer k
for which hypersurfaces of degree s ≥ k cut on X a complete regular linear system.
The regularityX also encodes pieces of information on the syzygies of the equations
defining X . Indeed, let IX be the saturated ideal of X in R = C[x0, . . . , xn] and
0→ Lr+1 → · · · → L0 → R→ R/IX → 0
be a minimal free graded resolution of the R-module R/IX ; the variety X is k-
regular if and only if for all i ≥ 0, one can find a base of Li, which elements are at
most of degree k + i [2], definition 3.2.
This algebraic characterization of k-regularity has an elementary geometric con-
sequence: the existence of a k-secant line to X implies that reg(X) ≥ k. One can
deduce from Bertini’s theorem on linear systems that X cannot have any k-secant
line for k > d− r+ n+1; we will thus call extremal a (d− r+n+1)-secant line to
X . Varieties for which there exist extremal secant lines are therefore (d − r + n)-
irregular. The regularity conjecture ([7],[8]) foresees that reg(X) ≤ d− r+n+1. It
has so far only been proved for curves [10], smooth surfaces ([16], [11]) and smooth
2-codimensional varieties [1]. Extremal varieties for the conjecture have only been
classified for curves by Gruson, Lazarsfeld and Peskine in [10]. They are smooth
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rational curves with an extremal secant line except for the elliptic normal curve
and some rational curves in Pd−1.
Varieties having an extremal secant line thus form a good sample for testing the
regularity conjecture.
Conventions and notations: We will use Hartshorne’s book conventions on
projective bundles. Consider n positive integers 1 ≤ a1 ≤ . . . ≤ an, the smooth
rational normal scroll S(a1, . . . , an) is the tautological embedding of the projective
bundle P(⊕ni=1OP1(ai)) in P
n−1+
∑n
i=1
ai ; a non degenerate cone of vertex Pk over
S(a1, . . . an) in P
n+k−
∑n
i=1
ai will be denoted by S(0, . . . , 0︸ ︷︷ ︸
k−times
, a1, . . . , an).
Here we will prove the following results.
First of all we show the existence of non degenerate n-folds X of degree d in Pr,
having an extremal secant line, for any d > r − n+ 1, n and r ≥ 2n+ 1.
Theorem 1. Let us fix an integer n, then choose n non zero positive integers a1 ≤
. . . ≤ an and a positive integer d >
∑n
i=1 ai. Let us pick also two non zero positive
integers k1 and k2 such that k1+ k2 = d−
∑n
i=1 ai and an injection of OP1-module
OP1(−k1)⊕OP1(−k2)
α
−→ O2
P
1 ⊕ni=1 OP1(ai).
The cokernel map
O2
P
1 ⊕ni=1 OP1(ai)
β
−→ ⊕ni=1OP1(bi)
gives a morphism of rational scrolls from X = S(b1, . . . , bn) to S = S(0, 0, a1, . . . , an)
restriction of a linear projection between their linear spans that induces an isomor-
phism of rational scrolls between X and its image X. The vertex of the cone S is
an extremal secant line for the n-fold scroll X. Moreover any rational n-fold scroll
having an extremal secant line can be realized this way.
This is completed by our classification theorem.
Theorem 2. Let X be a non degenerate variety in Pr with r − n ≥ 2 of degree d
and dimension n ≥ 2. Assume that X has an extremal secant line l. Then X is
either
• a cone over the Veronese surface V in P5 or
• a cone over a smooth rational scroll Σ, such that l is an extremal secant line
for Σ or
• a cone over the Veronese surface V ′ in P4.
It is known that reg(V ) = 2 and reg(V ′) = 3. From the algebraic characteri-
zation of k-regularity, if X is a cone over Σ we have reg(X) = reg(Σ), so that to
show that varieties with an extremal secant line satisfy the regularity conjecture
we only need to show it for n-fold rational scrolls.
Theorem 3. Let X be a n-fold scroll over a smooth curve C of genus g, of degree
d in Pr. Then we have the inequality
reg(X) ≤ d− r + n+ 1.
Acknowledgments This work was made while I was a Ph.D. student at
Columbia University. Most of it constitutes my Ph.D. dissertation [4] and grew out
of discussions with my advisor Prof. Henry C. Pinkham, to whom I express my
gratitude. The last theorem was inspired by personal notes of Prof. Lazarsfeld [12],
kindly communicated to us by their author.
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2. Rational scrolls with an extremal secant line
Beside the case where bisecant lines are extremal secant lines for X , i.e. X is a
variety of minimal degree, the existence of varieties with extremal secant line is not
clear. The latest construction of such varieties is due to Lazarsfeld. He constructs
in Remark 1 of [11] smooth surfaces of Pr, r ≥ 5 with an extremal secant line as
1-codimensional subvarieties of a rational normal 3-fold scroll. The construction
readily generalizes to higher dimension and furnishes smooth varieties (actually
rational scrolls) of any degree d > r − n+ 1 in Pr, r ≥ 2n+ 1 having an extremal
secant line.
We explain here how to construct any rational n-fold scroll X that has an ex-
tremal secant line. First we note that X must be a 2-codimensional subvariety of
a singular rational normal scroll.
Proposition 1. Let X be a variety in Pr having an extremal secant line l. The
image of X by the linear projection πl of center l is a n-dimensional variety X
′ of
minimal degree in Pr−2. Moreover if X is a smooth rational scroll so is X ′.
Proof. If we project X from this line l to Pr−2, we get a variety X ′ of degree d′
and dimension n′ ≤ n in Pr−2. Since X is non degenerate, n = n′. It follows that
d′ = r − n− 1, hence X ′ is of minimal degree.
The rational scroll X is the image of a smooth rational normal scroll Z of degree
d and dimension n, by a linear projection. We deduce from the classification of
varieties of minimal degree ([5],[9]) that X ′ is a rational normal scroll. The induced
rational map g from Z to X ′ = πl(X) is thus an elementary transformation (cf.[13])
of Z along Y = {p1, · · · , ps}. It follows that X
′ is the tautological embedding of a
projective bundle, elementary transform of P(E); therefore X ′ is smooth.
Thus our n-fold scroll lies on the cone < l,X ′ >= S(0, 0, a1, · · · , an) for some
integers 1 ≤ a1 ≤ · · · ≤ an. We can reverse the process; on any rational normal
scroll S = S(0, 0, a1, · · · , an), we can construct a smooth codimension 2 subscroll
X having the vertex of the cone S as extremal secant line.
Theorem 1. Fix an integer n, then choose n non zero positive integers a1 ≤ . . . ≤
an and a positive integer d >
∑n
i=1 ai. Let us pick also two non zero positive
integers k1 and k2 such that k1+ k2 = d−
∑n
i=1 ai and an injection of OP1-module
OP1(−k1)⊕OP1(−k2)
α
−→ O2
P
1 ⊕ni=1 OP1(ai).
The cokernel map
O2
P
1 ⊕ni=1 OP1(ai)
β
−→ ⊕ni=1OP1(bi)
gives a morphism of rational scrolls from X = S(b1, . . . , bn) to S = S(0, 0, a1, . . . , an)
restriction of a linear projection between their linear spans that induces an isomor-
phism of rational scrolls between X and its image X. The vertex of the cone S is
an extremal secant line for the n-fold scroll X. Moreover any rational n-fold scroll
having an extremal secant line can be realized this way.
Proof. Let us denote by S˜ the projective bundle P(O2
P
1 ⊕ni=1 OP1(ai)) in P
1 × Pr,
where r = n + 1 +
∑n
i=1 ai. The second projection π2 from the product P
1 × Pr
embeds S˜ in Pr as a cone S of vertex l over the smooth rational normal scroll
X ′ = S(a1, · · · , an). Its restriction to S˜ is a desingularization of S of exceptional
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locus E = P1 × l = P(O2
P
1). A simple Chern class computation shows that
∑
bi =
d + n − 1, with bi ≥ 1 for all 1 ≤ i ≤ n. Let us denote by X the smooth rational
normal scroll S(b1, · · · , bn) in P
d+n−1. Since h0(P1,OP1(−k1)⊕OP1(−k2)) = 0, the
map α defines a morphism f from X to S, which image X is a non degenerated
rational subscroll of S in Pr. Moreover since X is linearly normal and S non
degenerated, f is the restriction to X of a linear projection. Since the restriction β2
of β to
∑n
i=1OP1(ai) has to be an injection ofOP1-modules, it defines an elementary
transformation between S(a1, · · · , an) and X , induced by a linear projection from
P
d+n−1 to Pr−2, which factors through f and the projection of Pr from the line
l. Therefore X is smooth of dimension n, so that f induces an isomorphism of
rational scrolls between X and X and degX = d.
We denote by X˜ the strict transform of X in S˜. Let σ denote the embedding
map P1 → l ⊂ Pr. Notice that the diagonal ∆ = {(t, p) ∈ E : p = σ(t)} in E is
isomophic to l by π2, so that the schemes Z = X˜ ∩∆ and X ∩ l are isomorphic by
π2. For each i = 1, 2, the injections induced by α, OP1(−k1)
α1,i
−−→ O2
P
1 , define in E
over P1 a rational curve Ci = P(OP1(ki)). Let ⊕C
niwi denote the cokernel of
OP1(−k1)⊕OP1(−k2)
α1=α1,1+α1,2
−−−−−−−−−→ O2
P
1 ;
Remark that 1 ≤ ni ≤ 2. Since for each i = 1, . . . , s, the line π
−1
1 (wi)∩E meets ∆,
the scheme Z is supported on {(w1, σ(w1)), · · · , (ws, σ(ws))} in ∆. If ni = 2, the
smoothness of each curve Ci at each point of Ci ∩∆, shows that (wi, σ(wi)) is on
Ci∩∆ for both curve C1 and C2. The cotangent space of X˜ ∩E at (wi, sigma(wi))
is then the direct sum of the cotangent spaces of Ci at this point. Therefore the
multiplicity of X˜ ∩∆ at (wi, σ(wi)) is 2. From this, we deduce that the length of
Z is
∑
ni = d− r + n+ 1.
3. The classification of varieties having an extremal secant line
Let X be a n-dimensional variety in Pr having an extremal secant line l. From
Gruson, Lazarsfeld and Peskine’s classification of (d − r + 1)-irregular curves [10],
if n = 1, r ≥ 3, X is a smooth rational curve. This and Del Pezzo-Bertini’s theorem
[5],[9] that classifies varieties of minimal degree, are the key ingredients for our
classification theorem.
Theorem 2. Let X be a non degenerate variety in Pr with r − n ≥ 2 of degree d
and dimension n ≥ 2. Assume that X has an extremal secant line l. Then X is
either
• a cone over the Veronese surface V in P5 or
• a cone over a smooth rational scroll Σ, such that l lies is an extremal secant
line for Σ or
• a cone over the Veronese surface V ′ in P4.
Proof. Let X˜
φ
−→ X be a desingularization of X of exceptional locus E. We want
to determine the linearly normal variety X of which X is projection. We show by
induction on n that X is a variety of minimal degree d. To do so, we need the
existence of an hyperplane section of X containing l ∩ X = {p1, . . . , ps} that is
desingularisezd by φ.
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Lemma 2.1.
1. The variety X is smooth in a neighborhood of X ∩ l.
2. The variety X˜ satisfies h1(X˜,OX˜) = 0.
Proof of (1). This is true for n = 1 since then X is a smooth rational curve [10].
Let us assume it is true for k < n.
Consider the linear system L of hyperplanes H containing l. The generic element
of the restriction to X of L satisfies our induction hypothesis so that any pi in X∩ l
is a smooth point of h = X ∩ H for H generic. Since any smooth point p on a
Cartier divisor D of a variety X is a smooth point of X , pi is a smooth point of
X .
Proof of (2). Since h1(X˜,OX˜) is a birational invariant for smooth varieties, we
deduce that
h1(X˜,OX˜) = h
1(X˜ ′,OX˜′)
for any desingularization X˜ ′ of the variety X ′. Moreover since X ′ is a variety of
minimal degree, hence a cone over a smooth rational variety, we have h1(X˜ ′,OX˜′) =
0.
Let us now prove that X is the image by a regular projection of a variety of
minimal degree X.
Lemma 2.2. Let H be a generic hyperplane section of X. Recall that φ : X˜ → X
is a desingularization of X.
1. A generic element of the linear system |φ∗(OX(H))| is smooth and the di-
mension of this system is d+ n− 1.
2. The rational map f : X˜ 99K Pd+n−1 defined by this system is in fact regular
and maps X˜ onto a variety X of dimension n and degree d.
Proof. For n = 1, [10], the curve X is a smooth rational curve of degree d, hence is
a regular projection of some rational normal curve in Pd.
For 1 ≤ k < n assume that for any k-dimensional varieties X having an extremal
secant line, the total transform |OX˜(H)| of the linear system of hyperplane sections
of X , gives a map from X˜ to Pd+k−1 which image X is a k-dimensional variety of
degree d, that projects onto X .
Let us consider on X˜ the total transform L of the system cut out on X by the
system of hyperplanes containing l. Let D be a generic hyperplane section of X
containing X ∩ l; a generic element of D is irreducible and φ∗D of L is smooth.
Indeed φ∗D is smooth away from its base locus by Bertini’s theorem on singular-
ities of a generic member of a linear system. The variety X is smooth at p1, · · · ps,
hence the base locus of L consists of the s points φ−1p1, · · · , φ
−1ps. The divisor D
is an irreducible hypersurface of X by Bertini’s irreducibility theorem (r − 2 ≥ 2);
it has an extremal secant line by construction, hence D is smooth in a neighbor-
hood of p1, · · · , ps by lemma 2.1 (1). The Cartier divisor φ
∗D is then smooth at
φ−1p1, · · · , φ
−1ps. This also implies that a generic element of |OX˜(φ
∗H)| is smooth.
We can thus find an irreductible and non degenerated hyperplane section of X ,
H0 such that φ
∗H0 is a smooth element of L. We have the following exact sequence:
0→ OX˜ → OX˜(φ
∗H)→ Oφ∗H0((φ
∗H)|φ∗H0)→ 0.
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By lemma 2.1 (2), h0(OX˜(φ
∗H)) = 1+h0(Oφ∗H0((φ
∗H)|φ∗H0)). The restriction
of φ to the closure of φ∗H0 \ E in X˜ is a desingularization of H0 so that we can
apply the induction hypothesis to a generic hyperplane section h of H0 to get:
h0(H˜0,OH˜O(φ|
∗
H˜0
h)) = d+ n− 1.
Since a generic element of |Oφ∗H0(φ
∗H |φ∗H0)| doesn’t meet E,
h0(φ∗H0,Oφ∗H0(φ
∗H |φ∗H0)) = h
0(H˜0,OH˜0(φ
∗H |H˜0)) = d+ n− 1.
Since |OX˜(φ
∗H)| is base point free, the degree of X is d and the rational map ψ
that |OX˜(φ
∗H)| defines is regular.
The dimension of X is at least n− 1. Since X , is the union of the points in the
pencil formed by 2 independant hyperplane sections H1 and H2 of X containing
l ∩X , X is cut out by the pencil generated by the images of the strict transforms
of H1 and H2 in X˜ and therefore has dimension n.
The linear system |OX˜(φ
∗H)| generically separates points, so that the map ψ
is birational onto its image. Its inverse ψ−1 is then a rational map from X onto
X that extends to a linear projection π from Pd+n−1 onto Pr, since X is linearly
normal. The map ψ−1 is regular since X and X have the same dimension and the
same degree.
We can now use the Del Pezzo-Bertini theorem to conclude. Assume that r−n =
2, then X is a cone over the Veronese surface V in P5 and X is the linear projection
of X by a point. Since the extremal secant line l meets X at smooth points, it must
be the image of a 3-secant 2-plane of V , hence the center of projection lies in the
linear span of V and X is a cone over the Veronese surface in P4. If r ≥ n+ 3 the
variety X can be neither a cone over the Veronese surface nor the Veronese surface
itself, unless X = X . Indeed, if it were so, X would be a cone < Lk, V ′ > over
the generic projection of the Veronese to P4 or over the Steiner surface in P3, with
k = n − 3. So clearly, we would have r ≤ n + 2. If n = 2, we cannot have any
projection of the Veronese surface either.
Hence X must be a rational scroll unless X was already a variety of minimal
degree. Since the projection π is regular, if X is smooth, X is a smooth rational
scroll. If X is a cone < Lk, Sn−k−1 > over a smooth scroll of minimal degree
Sn−k−1, X must be the cone < Lk, π(Sn−k−1) >, hence is a cone over a smooth
rational scroll. Any extremal secant line moreover has to lie in the linear space
generated by Sn−k−1, for it has to meet X at smooth points.
4. The regularity of smooth scrolls
In this section we prove that varieties having an extremal secant line are d− r+
n+ 1-regular. By the classification theorem, we only need to prove the regularity
of smooth scrolls having an extremal secant line.
This will follow from this more general result on the regularity of smooth scrolls
over a smooth curve C.
Theorem 3. Let X be a smooth n-dimensional scroll over a smooth curve C of
genus g, embedded in Pr as a non degenerate variety of degree d. The regularity of
X is bounded by d− r + n+ 1, as predicted by the regularity conjecture.
The proof is closely related to Gruson, Lazarsfeld and Peskine’s proof of the
regularity conjecture for curves. As they do, we first describe X as a projection
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from a product of a variety S that is scheme theoretically a vanishing locus by a
Beilinson type construction [15]; in our case S is the the ruled subvariety of C ×Pr
which projects onto the n-fold scroll X . We get a set-theoretical description of X
as a degeneracy locus, in the same manner as in [10]. We can no longer conclude as
in [10], for the ideal sheaf of X and of the degeneracy locus no longer differ along
a 0-dimensional scheme, but along d − r + n fibers of X . We will see that this
degeneracy locus is fibered over C and obtained from X by ”replacing” d − r + n
fibers of X by multiple fibers and this extra information will be enough to bypass
this problem.
Proof. The k-regularity of X is equivalent to the k − 1-normality of X and the
vanishing of Hi(OX(k − 1 − i)). Note that by degeneration of the Leray spectral
sequence
Hi(X,OX(d− r + n− i)) ≃ H
i(C, π∗(OX(d− r + n− i))),
so that we only have to show that
Hi(Pr, IX|Pr (d− r + n+ 1− i)) = 0 for i = 1, 2.
The embedding P(E)
p
−→ X ⊂ Pr = P(V ) factors through an embedding h of
P(E) in C×Pr and the second projection f onto Pr, hence corresponds to the data
of an exact sequence of OC -modules
0→M
ip
−→ V ⊗C OC → E → 0
such that H1(C,M) = 0. Let us denote by π the first projection from the product
C × Pr. From the Euler exact sequence on Pr, twisted by OPr (1) and pulled
back by f to C × Pr and from the pull back by π of the morphism ip we get a
morphism π∗M
s
−→ f∗(OPr(1)) of OC×Pr -modules which vanishing locus is scheme-
theoretically h(P(E)).
The Koszul complex associated to π∗(M)⊗ f∗(OPr(−1))
s⊗f∗(O
Pr
(−1))
−−−−−−−−−−→ OC×Pr
gives a locally free resolution of h∗(OP(E)):
0→ π∗(∧r−n+1M)⊗ f∗(OPr (n− r − 1))→ · · · → π
∗(∧jM)⊗ f∗(OPr (−j))→ · · ·
→ π∗(∧2M)⊗ f∗(OPr (−2))→ π
∗(M)⊗ f∗(OPr (−1))→ OPr → h∗(OP(E))→ 0
.
Indeed this complex is exact since s⊗ f∗(OPr (−1)) is generically surjective and
its cokernel h∗(OP(E)) is of expected codimension (rk(M)−1 = r−n) in the locally
Cohen-Macaulay scheme OC×Pr ([17] p. 344).
Since the article of Gruson, Lazarsfeld and Peskine, it is now a standard trick ,
to twist this resolution by the pull back by π of a suitable line bundle A on C, in
order to be able to push down to X in Pr the pieces of information of this resolution
of h(P(E)).
Lemma 3.1. There is a line bundle A on C which satisfies
h1(M ⊗A) = 0, h1(∧2M ⊗A) = 0, h1(A) = 0.
For such a line bundle we have then h0(M ⊗ A) = (r − n)(d − r + n) + 1 and
h0(A) = d− r + n.
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Proof. The proof of this is similar to [10] (lemma 1.7). First we have a strictly
decreasing filtration by vector bundles Fi such that
Fi
Fi+1
= Li. is a line bundle of
negative degree
M = F1 ⊃ F2 ⊃ · · · ⊃ Fr+1−n ⊃ 0 = Fr+2−n
In order to get H1(C,M ⊗A) = 0 and H1(C,∧2M ⊗A) = 0, it is enough to choose
A such that H1(C,Li ⊗A) = 0 and H
1(C,Li ⊗ Lj ⊗A) = 0.
Since a generic line bundle of degree ≥ g−1 is non special, it is enough to take A
generic, so that deg(A)+r−n−1−d≥ g−1, that is to say deg(A) ≥ g−r+n+d =
d− codim(h(OP(E))) + g ≥ g − 1. Indeed we have deg(Li ⊗ Lj) ≥ −d+ r − n− 1.
Since rk(M) = r + 1 − n the smallest possible degree for deg(Li) is r − n − d,
so that we also have H1(C,M ⊗ A) = 0,. Note that h1(C,A) = 0, so that by
Riemann-Roch’s theorem h0(C,A) = d + n − r + 1. Since h1(C,M ⊗ A) = 0 and
h1(C,Li ⊗A) = 0 we have h
0(C,M ⊗A) = (r − n)(d+ n− r) + 1.
Applying Ku¨nneth’s formula to the push forward by f of the Koszul resolution of
h∗(OP(E)) twisted by π
∗(A) we get the following complex
0→ H0(∧r−n+1M ⊗A)⊗C OPr(n− r − 1)→ · · · → H
0(∧2M ⊗A)⊗C OPr (−2)
→ H0(M ⊗A)⊗C OPr(−1)
u
−→ H0(A)⊗C OPr → p∗(h
∗OP(E) ⊗ π
∗(A))→ 0.
Let t denote the C-projective bundle structure map of P(E). For the choice of line
bundle A as in the previous lemma, by the same argument as in ([10], (1.5)), this
complex is exact. We get f∗ ◦ h∗(t
∗A) ≃ f∗(h∗(OP(E)) ⊗ π
∗A) by the projection
formula.
The degeneracy locus of the morphism O
(r−n)(d+n−r)+1
P
r (−1)
u
−→ Od+n−r+1
P
r that
we obtain this way is set-theoretically X = p(h(OP(E))). The cokernel of u is
isomorphic to p∗t
∗A by the projection formula applied to p = f ◦ h and t = π ◦ h.
A generic section σ of A induces an exact sequence
0→ OC
σ
−→ A→ A⊗OD → 0
whith D =
d+n−r∑
i=1
pi and where the pi’s are distinct points of C. The push forward
by p of this exact sequence is
0 −−−−→ p∗OP(E) −−−−→ p∗t
∗A −−−−→ F −−−−→ R1p∗OP(E) = 0,
where F denotes p∗(t
∗(A⊗OD)).
Moreover since p is a birational morphism and X is smooth, p∗(OP(E)) ≃ OX .
On each fiber t−1(pi), we have t
∗(A)pi ≃ OP(E),pi . Therefore we get t
∗(A⊗OD) ≃
t∗OD, so that F ≃
d−r+n
⊕
i=1
OXi where Xi is the fiber of the scroll X over the point
pi.
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As in [10] (proof of theorem 2.1 p. 500) the existence of the commutative diagram
0 0
y
y
0 〈t∗σ〉 ⊗ OPr −−−−→ OX −−−−→ 0y
y
yp∗t∗σ
0 −−−−→ K −−−−→ Ol
P
r (−1)
u
−−−−→ H0(t∗A)⊗C OPr −−−−→ p∗t
∗A −−−−→ 0
y
∥∥∥
y
y
0 −−−−→ N −−−−→ Ol
P
r (−1)
v
−−−−→ Od+n−r
P
r −−−−→ F −−−−→ 0
y
y
y
IX|Pr 0 0y
0
,
which allows us to compare the regularity of X with the regularity of N , follows
from the minimality of
0→ K = ker(u)→ OlPr(−1)
u
−→ H0(t∗A)⊗C OPr → p∗t
∗A.
In [10] the morphism corresponding to u is constructed from a minimal free reso-
lution; the local minimality we seek here is taken care of by the following lemma.
Lemma 3.2. (A minimality criterion) Let L· be the Koszul complex associated to
some map L1
s
−→ R where R is a local ring of maximal ideal n. Let us assume
that there is a local morphism S →֒ R turning R into a finite free S-module of
rank l. Any R-module N has via this morphism an S-module structure that we
denote by S |N . Consider the map of S-modules S |L1
φ
−→ S, obtained by composing
S |L1
S |s
−−→ R with R
b∧−
−−→ S ≃ ∧lR, where b is the wedge product of the first h − 1
elements of a base of the free S-module S |L1. The Koszul complex K· of S-modules
associated to φ surjects onto the complex of free modules S |L·. In particular this
last complex is minimal if K· is minimal. Moreover if S |s(L1) ⊂ mR, where m is
the maximal ideal of S, then the complex L· is minimal.
Proof. The natural surjection of R-modules
R⊗S S |L1
ψ
−−−−→ L1
x⊗ l 7−→ xl
gives a commutative diagram
L1
s
−−−−→ R
ψ
x
x≀
R⊗S S |L1
R⊗Sφ
−−−−→ R
that induces a surjective map of complexes of free R-modules between K· ⊗S R
and L·. Indeed by construction the map of S-modules b ∧ − is surjective hence
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(b∧−)⊗S R is also surjective. It thus induces an automorphism σ of R. It is then
clear that s◦ψ = σ−1◦R⊗Sφ. The surjection between the complexes of R-modules
induced by ψ gives a surjection K· → S |L· as claimed.
If S |s(S |L1) ⊂ mR after wedging by b, we have φ(S |L1) ⊂ mS so that S |L1
φ
−→ S
is minimal when S |L1
S |s
−−→ S |R is minimal.
By Ku¨nneth formula f∗(π
∗(A)) = H0(A)⊗C OPr , so that f∗π
∗A is a finite locally
free OPr -module of rank h
0(A). We are exactly in the situation of the criterion
since locally, the complex K·(s) ⊗ π
∗A is simply the Koszul complex associated
to π∗(M)x ⊗ π
∗Ax → π
∗Ax. Since the map H
0(A) ⊗C OPr → p∗t
∗A induces a
surjection on global sections, none of the sections defining H0(A)⊗COPr → p∗t
∗A
vanishes. This shows then that 0 → K → Ol
P
r (−1)
u
−→ H0(t∗A) ⊗C OPr → p∗t
∗A
is locally minimal.
Lemma 3.3. We have H2(K(k)) = 0 for all k > −n.
Proof. This is equivalent to show that H1(C × Pr, IP(E)|Pr ⊗ π
∗A⊗ f∗OPr(k)) = 0
for all k > −n. Indeed since f is projective and only has fibers of dimension 1, Rjf∗
vanishes on any coherent sheaf for j ≥ 2, so that
R1f∗(π
∗(M ⊗A)⊗ f∗(OPr (k − 1)))→ R
1f∗(IP(E)|Pr ⊗ π
∗A⊗ f∗OPr (k))
is surjective. By non speciality of A and use of the Ku¨nneth formula we get
R1f∗(IP(E)|Pr ⊗ π
∗A⊗ f∗OPr (k)) = 0.
Consider now the Koszul resolution of h∗(OP(E) twisted by f
∗(OPr(k))
· · · → π∗(∧2M ⊗A)⊗ f∗(OPr(k − 2))→ π
∗(M ⊗A)⊗ f∗(OPr(k − 1))→
π∗A⊗ f∗(OPr (k))→ h∗OP(E) ⊗ f
∗(OPr (k))→ 0.
Let us denote by Fj the cokernel of
π∗(∧j+1M ⊗ A)⊗ f∗(OPr (k − j − 1)) −−−−→ π
∗(∧jM ⊗A)⊗ f∗(OPr (k − j)).
Lemma 3.4. We have Riπ∗(IP(E)|Pr ⊗ π
∗A⊗ f∗OPr(k)) = 0 for i ≥ 1.
Proof. Since the fibers of π are of dimension r and π is projective we know that
Rr+1π∗ vanishes on any coherent sheaf, so that R
r+1π∗ is right exact. Then
Rrπ∗(π
∗(∧jM ⊗A)⊗ f∗OPr (k− j)) = ∧
jM ⊗A⊗Hr(OPr ,OPr(k− j)) = 0 for all
k > −n, since j ≤ rk(M) = r+ 1− n and k − j > −r− 1. Therefore RrFj = 0 for
all j. Repeating this argument, we deduce that Riπ∗Fj = 0 for all j when k > −n
and H1(C, π∗(π
∗(M ⊗A)⊗ f∗(OPr (k))) = H
1(C,M ⊗A)⊗H0(OPr ,OPr(k)) = 0.
Moreover H2(C, π∗F1) = 0, since π∗F1 is coherent (π is projective) and dimC = 1.
Therefore H1(π∗F0) = H
1(π∗(IP(E)|Pr ⊗ π
∗A⊗ f∗OPr (k))) = 0.
To show that X is d − r + n+ 1-regular, it suffices to show that Hi(N(k)) = 0
for k = d− r + n+ 1− i and i = 1, 2.
Lemma 3.5. We have Hi(N(k)) = 0, for k = d− r + n+ 1− i and i = 1, 2.
We deduce from the local minimality of
0→ K = ker(u)→ Ol
P
r (−1)
u
−→ H0(t∗A)⊗C OPr → p∗t
∗A
that the following complex extracted from the previous commutative diagram
0 −−−−→ N −−−−→ Ol
P
r (−1)
v
−−−−→ Od+n−r
P
r −−−−→ 0 (∗)
ON THE REGULARITY OF VARIETIES HAVING AN EXTREMAL SECANT LINE 11
is also locally minimal.
Now the sheafification of a minimal resolution of
⊕
l∈ZH
0(F(l)) is of the form
0→ O
nr−1
P
r (−r − 1)→ · · · → O
(r+1−n)(d+n−r)
P
r (−1)
w
−→ Od−r+n
P
r → F → 0.
Since the exact sequence (∗) comes from the sheafification of a locally free min-
imal resolution of ⊕l≥l0H
0(F(l)) for some l0 ≥ 0, we can construct the following
commutative diagram
0 0
y
y
0 −−−−→ N −−−−→ Ol
P
r (−1)
v
−−−−→ Im(v) −−−−→ 0
y
y
y≀
0 −−−−→ P −−−−→ O
(r+1−n)(d−r+n)
P
r (−1)
w
−−−−→ Imw −−−−→ 0
φ
y
y
Od+n−r−1
P
r (−1)
≃
−−−−→ Od+n−r−1
P
r (−1)
y
y
0 0
Since P has a resolution of type
0 −−−−→ O
nr+1
P
r (−r − 1) −−−−→ · · · −−−−→ O
n2
P
r (−2)
w1−−−−→ P −−−−→ 0,
we have Hi(Pr, P (d− r + n+ 1− i)) = 0 for i = 1, 2 ( by lemma 1.6 of [10]).
Therefore to show that Hi(Pr, N(d− r+n+1− i)) = 0 for i = 1, 2, it suffices to
show that ker(q) is d− r + n+ 1-regular, where ker(q) is defined by the following
trianglular diagram
On2
P
r (−2)
w1
//
q
''O
O
O
O
O
O
O
O
O
O
O
P
φ

// 0
Od+n−r−1
P
r (−1)

0
This holds by the now standard trick due to Gruson, Lazarsfeld and Peskine,
consisting in applying Lemma 1.6 of [10] to the Eagon-Northcott complex associated
to q twisted by OPr(d+ n− r − 1).
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